Quotients of absolute Galois groups which determine the entire Galois
  cohomology by Chebolu, Sunil K. et al.
ar
X
iv
:0
90
5.
13
64
v6
  [
ma
th.
GR
]  
27
 Ja
n 2
01
1
QUOTIENTS OF ABSOLUTE GALOIS GROUPS WHICH
DETERMINE THE ENTIRE GALOIS COHOMOLOGY
SUNIL K. CHEBOLU, IDO EFRAT, AND JA´N MINA´Cˇ
Abstract. For a prime power q = pd and a field F containing a root of unity of
order q we show that the Galois cohomology ring H∗(GF ,Z/q) is determined by a
quotient G
[3]
F
of the absolute Galois group GF related to its descending q-central
sequence. Conversely, we show that G
[3]
F
is determined by the lower cohomology
of GF . This is used to give new examples of pro-p groups which do not occur as
absolute Galois groups of fields.
1. Introduction
A main open problem in modern Galois theory is the characterization of the profinite
groups which are realizable as absolute Galois groups of fields F . The torsion in such
groups is described by the Artin–Schreier theory from the late 1920’s, namely, it consists
solely of involutions. More refined information on the structure of absolute Galois groups
is given by Galois cohomology, systematically developed starting the 1950’s by Tate,
Serre, and others. Yet, explicit examples of torsion-free profinite groups which are not
absolute Galois groups are rare. In 1970, Milnor [Mil70] introduced his K-ring functor
KM∗ (F ), and pointed out close connections between this graded ring and the mod-2
Galois cohomology of the field. This connection, in a more general form, became known
as the Bloch–Kato conjecture: it says that for all r ≥ 0 and all m prime to char F , there
is a canonical isomorphism KMr (F )/m → H
r(GF , µ
⊗r
m ) ([GS06]; see notation below).
The conjecture was proved for r = 2 by Merkurjev and Suslin [MS82], for r arbitrary
and m = 2 by Voevodsky [Voe03], and in general by Rost, Voevodsky, with a patch by
Weibel ([Voe03], [Wei09], [Wei08], [HW09]).
In this paper we obtain new constrains on the group structure of absolute Galois
groups of fields, using this isomorphism. We use these constrains to produce new ex-
amples of torsion-free profinite groups which are not absolute Galois groups. We also
demonstrate that the maximal pro-p quotient of the absolute Galois group can be char-
acterized in purely cohomological terms (see Theorem 8.5). The main object of our
paper is a remarkable small quotient of the absolute Galois group, which, because of
the above isomorphism, already carries a substantial information about the arithmetic
of F .
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More specifically, fix a prime number p and a p-power q = pd, with d ≥ 1. All fields
which appear in this paper will be tacitly assumed to contain a primitive qth root of
unity. Let F be such a field and let GF = Gal(Fsep/F ) be its absolute Galois group,
where Fsep is the separable closure of F . Let H
∗(GF ) = H
∗(GF ,Z/q) be the Galois
cohomology ring with the trivial action of GF on Z/q. Our new constraints relate the
descending q-central sequence G
(i)
F , i = 1, 2, 3, . . . , of GF (see §4) with H
∗(GF ). Setting
G
[i]
F = GF /G
(i)
F , we show that the quotient G
[3]
F determines H
∗(GF ), and vice versa.
Specifically, we prove:
Theorem A. The inflation map gives an isomorphism
H∗(G
[3]
F )dec
∼
−→ H∗(GF ),
where H∗(G
[3]
F )dec is the decomposable part of H
∗(G
[3]
F ) (i.e., its subring generated by
degree 1 elements).
We further have the following converse results.
Theorem B. G
[3]
F is uniquely determined by H
r(GF ) for r = 1, 2, the cup product
∪ : H1(GF ) × H
1(GF ) → H
2(GF ) and the Bockstein homomorphism β : H
1(GF ) →
H2(GF ) (see §2 for the definition of β).
Theorem C. Let F1, F2 be fields and let π : GF1 → GF2 be a (continuous) homomor-
phism. The following conditions are equivalent:
(i) the induced map π∗ : H∗(GF2)→ H
∗(GF1) is an isomorphism;
(ii) the induced map π[3] : G
[3]
F1
→ G
[3]
F2
is an isomorphism.
Theorems A–C show that G
[3]
F is a Galois-theoretic analog of the cohomology ring
H∗(GF ). Its structure is considerably simpler and more accessible than the full absolute
Galois group GF (see e.g., [EM08]). Yet, as shown in our theorems, these small and
accessible quotients encode and control the entire cohomology ring. Results similar
to Theorems A–C are valid in a relative pro-p setting, where one replaces GF by its
maximal pro-p quotient GF (p) = Gal(F (p)/F ) (here F (p) is the compositum of all
finite Galois extensions of F of p-power order; see Remark 8.2). We further show:
Theorem D. Let F1, F2 be fields containing a root of unity of order p and let π : GF1(p)→
GF2(p) be a (continuous) homomorphism. Then π is an isomorphism if and only if the
induced map π[3] : G
[3]
F1
→ G
[3]
F2
is an isomorphism.
In the case q = 2 the group G
[3]
F has been extensively studied under the name “W -
group”, in particular in connection with quadratic forms ([Spi87], [MSp90], [MSp96],
[AKM99], [MMS04]). In this special case, Theorem A was proved in [AKM99, Th.
3.14]. It was further shown that then G
[3]
F has great arithmetical significance: it encodes
large parts of the arithmetical structure of F , such as its orderings, its Witt ring, and
certain non-trivial valuations. Theorem A explains this surprising phenomena, as these
arithmetical objects are known to be encoded in H∗(GF ) (with the additional knowledge
of the Kummer element of −1).
First links between these quotients and the Bloch–Kato conjecture, and its special
case the Merkurjev–Suslin theorem, were already noticed in a joint work of Mina´cˇ and
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Spira in [Spi87] and in Bogomolov’s paper [Bog92]. The latter paper was the first
in a remarkable line of works by Bogomolov and Tschinkel ([Bog92], [BT08], [BT09],
[BT10]), as well as by Pop (unpublished), focusing on the closely related quotient
GF /[GF , [GF , GF ]] (the analog of G
[3]
F for q = 0), where F is a function field over
an algebraically closed field. There the viewpoint is that of “birational anabelian geom-
etry”: namely, it is shown that for certain important classes of such function fields, F
itself is determined by this quotient. Our work, on the other hand, is aimed at clarifying
the structure of the smaller Galois group G
[3]
F and its connections with the Galois coho-
mology and arithmetic of almost arbitrary fields, focusing on the structure of absolute
Galois groups.
Our approach is purely group-theoretic, and the main results above are in fact proved
for arbitrary profinite groups which satisfy certain conditions on their cohomology (The-
orem 6.6, Proposition 7.3, Theorem 6.3, and Remark 6.4). A key point is a rather general
group-theoretic approach, partly inspired by [GM97], to the Milnor K-ring construction
by means of quadratic hulls of graded algebras (§3). The Rost–Voevodsky theorem on
the bijectivity of the Galois symbol shows that these cohomological conditions are sat-
isfied by absolute Galois groups as above. Using this we deduce in §9 Theorems A–D in
their field-theoretic version.
We wish to thank the referee for his insightful and thoughtful remarks and sugges-
tions. We also thank L. Avramov, M. Behrens, T. Chinburg, J.-L. Colliot-The´le`ne,
W.-D. Geyer, P. Goerss, M. Hovey, M. Jarden, P. May, G. Prasad, Z. Reichstein and
T. Szamuely for their comments related to talks on this work given at the 2009 Field
Arithmetic meeting in Oberwolfach, the AMS 2009 meeting in University Park, Penn-
sylvania, the University of Chicago, Northwestern University, and the University of
Nebraska, Lincoln. We are also grateful to Thong Nguyen Quang Do for his interest in
this work. In particular, after our paper was posted on the arXiv, we were informed by
him that he also obtained a variant of Theorem 8.4, and proved Theorem A in degree 2
using embedding problem techniques. We thank him for sending us his (unpublished)
notes [NQD96].
2. Cohomological preliminaries
We work in the category of profinite groups. Thus subgroups are always tacitly as-
sumed to be closed and homomorphism are assumed to be continuous. For basic facts
on Galois cohomology we refer e.g., to [NSW08], [Ser02], or [Koc02]. We abbreviate
Hr(G) = Hr(G,Z/q) with the trivial G-action on Z/q. Let H∗(G) =
⊕∞
r=0H
r(G)
be the graded cohomology ring with the cup product. We write res, inf, and trg
for the restriction, inflation, and transgression maps, respectively. Given a homo-
morphism π : G1 → G2 of profinite groups, we write π
∗ : H∗(G2) → H
∗(G1) and
π∗r : H
r(G2) → H
r(G1) for the induced homomorphisms. The Bockstein homomor-
phism βG : H
1(G) → H2(G) of G is the connecting homomorphism arising from the
short exact sequence of trivial G-modules
0 → Z/q → Z/q2 → Z/q → 0.
When q = 2 one has βG(ψ) = ψ ∪ ψ [EM08, Lemma 2.4].
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Given a normal subgroup N of G, there is a natural action of G on Hr(N). For r = 1
it is given by ϕ 7→ ϕg, where ϕg(n) = ϕ(g−1ng) for ϕ ∈ H1(N), g ∈ G and n ∈ N .
Let Hr(N)G be the group of all G-invariant elements of Hr(N). Recall that there is a
5-term exact sequence
0→ H1(G/N)
infG
−−−→ H1(G)
resN
−−−→ H1(N)G
trgG/N
−−−−→ H2(G/N)
infG
−−−→ H2(G),
which is functorial in (G,N) in the natural sense.
3. Graded rings
Let R be a commutative ring and A =
⊕∞
r=0Ar a graded associative R-algebra
with A0 = R. Assume that A is either commutative or graded-commutative (i.e.,
ab = (−1)rsba for a ∈ Ar, b ∈ As). For r ≥ 0 let Adec,r be the R-submodule of Ar
generated by all products of r elements of A1 (by convention Adec,0 = R). The graded
R-subalgebra Adec =
⊕∞
r=0Adec,r is the decomposable part of A. We say that Ar
(resp., A) is decomposable if Ar = Adec,r (resp., A = Adec).
Motivated by the Milnor K-theory of a field [Mil70], we define the quadratic hull Aˆ
of the algebra A as follows. For r ≥ 0 let Tr be the R-submodule of A
⊗r
1 generated
by all tensors a1 ⊗ · · · ⊗ ar such that aiaj = 0 ∈ A2 for some distinct 1 ≤ i, j ≤ r
(by convention, A⊗01 = R, T0 = 0). We define Aˆ to be the graded R-algebra Aˆ =⊕∞
r=0A
⊗r
1 /Tr with multiplicative structure induced by the tensor product. Because of
the commutativity/graded-commutativity, there is a canonical graded R-algebra epi-
morphism ωA : Aˆ → Adec, which is the identity map in degree 1. We call A quadratic
if ωA is an isomorphism. Note that
Aˆ = (Aˆ)dec = (Âdec).
These constructions are functorial in the sense that every graded R-algebra morphism
ϕ = (ϕr)
∞
r=0 : A → B induces in a natural way graded R-algebra morphisms
ϕdec = (ϕdec,r)
∞
r=0 : Adec → Bdec, ϕˆ = (ϕˆr)
∞
r=0 : Aˆ → Bˆ
with a commutative square
(3.1) Aˆ
ϕˆ //
ωA

Bˆ
ωB

Adec
ϕdec // Bdec.
The proof of the next fact is straightforward.
Lemma 3.1. ϕˆ is an isomorphism if and only if ϕ1 is an isomorphism and ϕdec,2 is a
monomorphism.
Remark 3.2. When G is a profinite group, R = Z/2, and A = H∗(G,Z/2) the ring
Aˆ coincides with the ring Mil(G) introduced and studied in [GM97]. In the case where
G = GF for a field F as before, this ring is naturally isomorphic to K
M
∗ (F )/2. Thus in
this way one can construct KM∗ (F )/p for any p in a purely group-theoretic way.
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4. The descending central sequence
Let G be a profinite group and let q = pd be either a p-power or 0. The descending
q-central sequence of G is defined inductively by
G(1,q) = G, G(i+1,q) = (G(i,q))q[G(i,q), G], i = 1, 2, . . . .
Thus G(i+1,q) is the closed subgroup of G topologically generated by all powers hq and
all commutators [h, g] = h−1g−1hg, where h ∈ G(i,q) and g ∈ G. Note that G(i,q) is
normal in G. For i ≥ 1 let G[i,q] = G/G(i,q). When q = 0 the sequence G(i,0) is called
the descending central sequence of G. Usually q will be fixed, and we will abbreviate
G(i) = G(i,q), G[i] = G[i,q].
We will be mostly interested in these groups for i = 1, 2, 3. Note that G[1] = 1, and G[2]
is the maximal quotient of G of the form
∏d
l=1(Z/p
l)Il for some index sets I1, . . . , Id.
In the case i = 3 we have
Lemma 4.1. For Gab = G/[G,G] one has a central extension
1→
(
[G,G]/[[G,G], G]([G,G] ∩Gq
2
)
)
/q → G[3] → Gab/q
2 → 1.
Proof. There is an exact sequence
1→ [G,G]/([G,G] ∩G(3))→ G[3] → Gab/q
2 → 1.
One has the identities (see [Lab66, Prop. 5] and its proof)
(g1g2)
q ≡ gq1g
q
2 [g2, g1]
(q2), [g1g2, h] ≡ [g1, h][g2, h] (mod [[G,G], G])
It follows that [G(2), G] ≤ [G,G]q [[G,G], G], from which we get
[G,G] ∩G(3) = [[G,G], G]([G,G] ∩Gq
2
)[G,G]q. 
Any profinite homomorphism (resp., epimorphism) π : G → H restricts to a homo-
morphism (resp., an epimorphism) π(i) : G(i) → H(i). Hence π induces a homomorphism
(resp., an epimorphism) π[i] : G[i] → H [i].
Lemma 4.2. Let π : G1 → G2 be an epimorphism of profinite groups. Then Ker(π
[i]) =
Ker(π)G
(i)
1 /G
(i)
1 for all i ≥ 1.
Proof. The map G1 → G
[i]
2 = π(G1)/π(G1)
(i) induced by π has kernel Ker(π)G
(i)
1 ,
whence the assertion. 
We will also need the following result of Labute [Lab66, Prop. 1 and 2] (see also
[NSW08, Prop. 3.9.13]).
Proposition 4.3. Let S be a free pro-p group on generators σ1, . . . , σn. Consider the
Lie Zp-algebra gr(S) =
⊕∞
i=1 S
(i,0)/S(i+1,0), with Lie brackets induced by the commu-
tator map. Then gr(S) is a free Lie Zp-algebra on the images of σ1, . . . , σn in gr1(S).
In particular, S(2,0)/S(3,0) has a system of representatives consisting of all products∏
1≤k<l≤n[σk, σl]
akl , where akl ∈ Zp.
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5. Duality
From now on assume that q = pd with p prime. One has
Proposition 5.1 ([EM08, Cor. 2.2]). For a normal subgroup R of a profinite group G,
there is a perfect duality
R/Rq[R,G] × H1(R)G → Z/q, (r¯, ϕ) 7→ ϕ(r).
We observe that this duality is functorial in the following sense:
Proposition 5.2. For a homomorphism π : G1 → G2 of profinite groups and for normal
subgroups Ri of Gi, i = 1, 2, such that π(R1) ≤ R2, the following induced diagram
commutes in the natural sense:
R1/R
q
1[R1, G1]
pi|R1

× H1(R1)
G1 // Z/q
R2/R
q
2[R2, G2] × H
1(R2)
G2 //
(pi|R1)
∗
1
OO
Z/q.
We list some consequences of this duality.
Lemma 5.3. Let π : G1 → G2 be a homomorphism of profinite groups. Then π
[2] is
an isomorphism if and only if π∗1 : H
1(G2)→ H
1(G1) is an isomorphism. In this case,
π∗dec : H
∗(G2)dec → H
∗(G1)dec is surjective.
Proof. For the equivalence use Proposition 5.2 with Gi = Ri, i = 1, 2. The second
assertion follows from the first one. 
Lemma 5.4. res : H1(G(i))G → H1(G(i+1))G is trivial for all i ≥ 1.
Proof. The homomorphism G(i+1)/G(i+2) → G(i)/G(i+1) induced by the inclusion map
G(i+1) →֒ G(i) is trivial. Now use Proposition 5.2 with G1 = G2 = G , R1 = G
(i+1),
and R2 = G
(i). 
The next proposition is a variant of [Bog92, Lemma 3.3].
Lemma 5.5. The inflation maps
infG[3] : H
2(G[2])→ H2(G[3]), infG : H
2(G[2])→ H2(G)
have the same kernel.
Proof. The functoriality of the 5-term sequence (see §2 and [EM08, §2B)]) gives a com-
mutative diagram with exact rows
H1(G(2))G
trg
G[2] //
res
G(3)

H2(G[2])
infG //
inf
G[3]

H2(G)
H1(G(3))G
trg
G[3] // H2(G[3])
infG // H2(G).
By Lemma 5.4, resG(3) = 0, and the assertion follows by a diagram chase. 
Proposition 5.6. Let G be a profinite group with H2(G) decomposable. Then infG[3]
maps H2(G[2]) into H2(G[3])dec.
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Proof. Since infG : H
1(G[2])→ H1(G) is an isomorphism, the map infG : H
2(G[2])dec →
H2(G)dec = H
2(G) is surjective. Furthermore, infG[3] mapsH
2(G[2])dec intoH
2(G[3])dec.
Now apply Lemma 5.5. 
Proposition 5.7. Let π : G1 → G2 be a homomorphism of profinite groups with π
∗
1
bijective, and with π∗2 injective on the image A of infG2 : H
2(G
[2]
2 ) → H
2(G2). Then
π[3] is an isomorphism.
Proof. By Lemma 5.3, the maps π[2] : G
[2]
1 → G
[2]
2 and infGi : H
1(G
[2]
i ) → H
1(Gi),
i = 1, 2, are isomorphisms. By the functoriality of the 5-term sequence, there is a
commutative diagram with exact rows
0 // H1(G(2)2 )
G2
(pi(2))∗1

trg // H2(G[2]2 )
infG2 //
(pi[2])∗2

A //
pi∗2

0
0 // H1(G(2)1 )
G1
trg // H2(G[2]1 )
infG1 // H2(G1).
Now since π[2] is an isomorphism, so is (π[2])∗2. By assumption, π
∗
2 is injective on A. A
snake lemma argument shows that (π(2))∗1 is an isomorphism. By passing to duals (using
Proposition 5.2 with Ri = G
(2)
i ), we obtain that the map π¯ : G
(2)
1 /G
(3)
1 → G
(2)
2 /G
(3)
2
induced by π is also an isomorphism. Thus in the commutative diagram
1 // G(2)1 /G
(3)
1
//
p¯i

G
[3]
1
//
pi[3]

G
[2]
1
pi[2]

// 1
1 // G
(2)
2 /G
(3)
2
// G
[3]
2
// G
[2]
2
// 1
both π¯ and π[2] are isomorphisms. By the snake lemma, so is π[3]. 
6. Morphisms of cohomology rings
We will now use the general constructions of §3 with the base ring R = Z/q.
Lemma 6.1. Let π : G1 → G2 be a homomorphism of profinite groups such that π̂∗ is
an isomorphism and H∗(G1) is quadratic. Then π
∗
dec is an isomorphism and H
∗(G2) is
also quadratic.
Proof. By (3.1), there is a commutative square
Ĥ∗(G2)
ωH∗(G2)

pi∗ // Ĥ∗(G1)
ωH∗(G1)

H∗(G2)dec
pi∗dec // H∗(G1)dec.
Now use the surjectivity of ωH∗(G2) and the assumptions. 
Proposition 6.2. Let π : G1 → G2 be a homomorphism of profinite groups such that
π[3] is an isomorphism. Then:
(a) π∗dec,2 : H
2(G2)dec → H
2(G1)dec is an isomorphism;
(b) π̂∗ : Ĥ∗(G2)→ Ĥ∗(G1) is an isomorphism.
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Proof. First note that since π[3] is an isomorphism, so is π[2].
(a) One has a commutative diagram with isomorphisms as indicated:
H2(G
[2]
2 )dec
inf //
≀ (pi[2])∗dec,2

H2(G
[3]
2 )dec
≀ (pi[3])∗dec,2

inf // H2(G2)dec
pi∗dec,2

H2(G
[2]
1 )dec
inf // H2(G[3]1 )dec
inf // H2(G1)dec.
Further, by Lemma 5.3, infGi : H
2(G
[2]
i )dec → H
2(Gi)dec is surjective for i = 1, 2. The
assertion now follows using Lemma 5.5 (for G = G1).
(b) By Lemma 5.3, π∗1 : H
1(G2) → H
1(G1) is an isomorphism. Now use (a) and
Lemma 3.1. 
Combining the previous results we obtain:
Theorem 6.3. Let π : G1 → G2 be a homomorphism of profinite groups with H
∗(G1)
quadratic and H2(G2) decomposable. The following conditions are equivalent:
(a) π∗1 is bijective and π
∗
2 is injective;
(b) π[3] is an isomorphism;
(c) π̂∗ is an isomorphism;
(d) π∗dec is an isomorphism.
Proof. (a)⇒(b) follows from Proposition 5.7. (b)⇒(c) is Proposition 6.2(b). For (c)⇒(d)
use Lemma 6.1. Finally, (d)⇒(a) follows from the decomposability of H2(G2). 
Remark 6.4. When G1, G2 are pro-p groups, condition (a) of Theorem 6.3 (and there-
fore all other conditions) is equivalent to π being an isomorphism [Ser65, Lemma 2].
Denote the maximal pro-p quotient of G by G(p).
Lemma 6.5. infG : H
2(G(p))→ H2(G) is injective.
Proof. The kernel N of the epimorphism G→ G(p) satisfies H1(N)G = 0. Now use the
5-term sequence. 
Theorem 6.6. Let G be a profinite group with H∗(G) quadratic. Let N be a normal
subgroup of G with N ≤ G(3). Then
(a) infG : H
∗(G/N)dec → H
∗(G)dec is an isomorphism.
(b) H∗(G/N) is quadratic.
(c) If H2(G/N) is decomposable, then N is contained in the kernel of the canonical
map G→ G(p).
Proof. Consider the natural epimorphism π : G → G/N . By Lemma 4.2, π[3] is an
isomorphism. By Proposition 6.2(b), π̂∗ is also an isomorphism. Assertions (a) and (b)
now follow from Lemma 6.1.
To prove (c), let M be the kernel of the projection G → G(p) and set R = MN .
A standard group-theoretic argument shows that H1(M) = 0. Since H1(R/N) ∼=
H1(M/M ∩ N) injects into it by inflation, it is also trivial. By the 5-term sequence,
resN : H
1(R)→ H1(N) is therefore injective.
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By (a), infG : H
2(G/N) = H2(G/N)dec → H
2(G)dec is an isomorphism. Also, since
N,M ≤ G(2), the inflation maps H1(G/R)→ H1(G), H1(G/N) → H1(G) are isomor-
phisms (Lemma 5.3). Using as before the functoriality of the 5-term sequence, we get a
commutative diagram with exact rows
0 // H1(R)G
trgG/R//

resN

H2(G/R)
infG //
infG/N

H2(G)
0 // H1(N)G
trgG/N// H2(G/N)
infG
∼
// H2(G)dec
?
OO
Consequently, H1(R)G = 0, whence H1(R/M,Z/p)G(p) = 0. Since G(p) is pro-p, it
follows as in [Ser65, Lemma 2] that R/M = 1, i.e., N ≤M . 
7. Cohomology determines G[3]
Let G be a profinite group, S a free pro-p group, and π : S → G(p) an epimorphism.
Let ϕ : G(p) → G[2] be the natural map and set R = Ker(π) and T = Ker(ϕ ◦ π). One
has a commutative diagram with exact rows
1 // R //
_

S
pi // G(p) //
ϕ

1
1 // T // S // G[2] // 1.
As H2(S) = 0, the corresponding 5-term sequences give as before a commutative dia-
gram with exact rows
(7.1) 0 // H1(S)/H1(G(p)) // H1(R)S
trg // H2(G(p)) // 0
0 // H1(S)/H1(G[2]) //
OOOO
H1(T )S
trg //
resR
OO
H2(G[2])
infG
OO
// 0.
Proposition 5.1 gives a commutative diagram of perfect pairings
(7.2) R/Rq[R,S]
ι

× H1(R)S // Z/q
T/T q[T, S] × H1(T )S
resR
OO
// Z/q.
Theorem 7.1. The following conditions are equivalent:
(a) infG : H
2(G[2])→ H2(G(p)) is surjective;
(b) resR : H
1(T )S → H1(R)S is surjective;
(c) R/Rq[R,S]→ T/T q[T, S] is injective;
(d) Rq[R,S] = R ∩ T q[T, S].
Proof. (a)⇔(b): Apply the snake lemma to (7.1) to obtain that Coker(resR) ∼=
Coker(infG), and the equivalence follows.
(b)⇔(c): Use (7.2).
10 SUNIL K. CHEBOLU, IDO EFRAT, AND JA´N MINA´Cˇ
(c)⇔(d): The homomorphism in (c) breaks as
R/Rq[R,S]→ R/(R ∩ T q[T, S])→ T/T q[T, S],
where the right map is injective. Therefore the injectivity of the composed map is
equivalent to that of the left map, i.e., to (d). 
Of special importance is the case where the presentation 1 → R → S
pi
−→ G → 1
is minimal, i.e., R ≤ S(2). Then π[2] is an isomorphism, by Lemma 4.2. Since ϕ[2]
is always an isomorphism, T = S(2), so T q[T, S] = S(3). In this case, and assuming
further that q = 2, the equivalences of Theorem 7.1 were obtained in [GM97, Th. 2] and
[MSp96, §5].
Remark 7.2. By Lemma 5.3, infG : H
2(G[2])dec → H
2(G(p))dec is surjective. Thus, if
H2(G(p)) is decomposable, then condition (a), whence all other conditions of Theorem
7.1, are satisfied. This was earlier observed by T. Wu¨rfel [Wu¨r85, Prop. 8] for condition
(d), in the case of minimal presentations and the descending (0-) central sequence, and
under the additional assumption that the maximal abelian quotient Gab is torsion-free.
Next let f be the composed homomorphism
H1(T )S
trg
−−→ H2(G[2])
infG(p)
−−−−→ H2(G(p))
infG
−−−→ H2(G) .
Let Ker(f)∨ be the dual of Ker(f) in T/T q[T, S] with respect to the pairing in (7.2).
Proposition 7.3. Assume that the presentation 1 → R → S → G → 1 is minimal.
Then G[3] ∼= S[3]/Ker(f)∨.
Proof. Since R ≤ S(2) = T , Proposition 5.1 shows that the restrictions H1(S) →
H1(R)S and H1(S) → H1(T )S are the zero maps. Hence the transgression maps in
(7.1) are isomorphisms. By the injectivity of infG : H
1(G(p)) → H1(G) (Lemma 6.5),
Ker(f) = Ker(resR). Therefore, by (7.2),
Ker(f)∨ = Ker(resR)
∨ = Im(ι) = RS(3)/S(3).
In view of Lemma 4.2, RS(3)/S(3) is the kernel of the induced map S[3] → (S/R)[3] ∼=
G(p)[3] = G[3]. Consequently, S[3]/Ker(f)∨ ∼= G[3]. 
Remark 7.4. Assume that the profinite group G satisfies
(∗) G[2] ∼= (Z/q)I for some set I.
Then one can find S and π as above such that the presentation is minimal. Namely,
take a free pro-p group S such that S[2] ∼= G[2]. This lifts to a homomorphism S → G,
which is surjective, by a Frattini argument.
We further claim that under assumption (∗), f is determined by Hr(G), r = 1, 2,
the cup product ∪ : H1(G) ⊗Z H
1(G) → H2(G) and the Bockstein map βG : H
1(G) →
H2(G). Indeed, H1(G) determines G[2] which is its Pontrjagin dual. Set
Ω(G) = (H1(G)⊗Z H
1(G)) ⊕H1(G)
and consider the homomorphism
ΛG : Ω(G)→ H
2(G), (α1, α2) 7→ ∪α1 + βG(α2).
Then Λ: Ω→ H2 is a natural transformation of contravariant functors. For G¯ ∼= (Z/q)I ,
the map ΛG¯ is surjective, by [EM08, Cor. 2.11] (when G¯ is not finitely generated apply
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a limit argument, as in [EM08, Lemma 4.1]). Now the canonical map G→ G[2] induces
a commutative square
Ω(G[2])
∼ //
Λ
G[2]

Ω(G)
ΛG

H2(G[2])
infG // H2(G).
From the surjectivity of ΛG[2] we see that infG is determined by ΛG (modulo the iden-
tification H1(G[2]) ∼= H1(G)). Hence infG is determined by H
1(G), H2(G), ∪ and βG.
Also, S is determined by H1(G) only.
8. Absolute Galois groups
Let F be a field of characteristic 6= p (containing as always the group µq of qth
roots of unity). By fixing a primitive qth root of unity we may identify µq = Z/q as
GF -modules. Let K
M
∗ (F ) be again the Milnor K-ring of F [Mil70]. Define graded Z/q-
algebras A = KM∗ (F )/q and B = H
∗(GF ). Observe that they are graded-commutative
and A = Adec = Aˆ. It can be shown that the Kummer isomorphism F
×/(F×)q ∼=
H1(GF ), a(F
×)q 7→ (a)F , extends to an epimorphism hF : A → Bdec, called the Galois
symbol epimorphism [GS06, §4.6]. It is bijective in degrees 1 and 2, by the Kummer
isomorphism and the injectivity part of the Merkurjev–Suslin theorem, respectively
[GS06]. By Lemma 3.1, hˆF : A = Aˆ → Bˆ is an isomorphism. Furthermore, by the
Rost–Voevodsky theorem ([Voe03], [Wei09], [Wei08]), hF itself is an isomorphism and
B = Bdec. By (3.1), ωB is also an isomorphism, i.e., B = H
∗(GF ) is quadratic.
Theorem 6.6(a)(b) give:
Corollary 8.1. For a field F as above one has:
(a) infGF : H
∗(G
[3]
F )dec → H
∗(GF ) is an isomorphism;
(b) H∗(G
[3]
F ) is quadratic.
This establishes Theorem A, and shows that for F as above, G
[3]
F determines H
∗(GF ).
Theorem C follows from Theorem 6.3.
Finally, the projection F×/(F×)q → F×/(F×)p is obviously surjective. By the Kum-
mer isomorphism, so is the functorial map H1(GF ) = H
1(GF ,Z/q) → H1(GF ,Z/p).
Consequently, (∗) of Remark 7.4 is satisfied for G = GF . Proposition 7.3 and Remark
7.4 now give Theorem B.
Remark 8.2. For the maximal pro-pGalois extension F (p) of F one hasH1(GF (p)) = 0.
Hence H∗(GF (p)) = H
∗(GF (p))dec vanishes in positive degrees. A spectral sequence ar-
gument therefore shows that Lyndon–Hochschild–Serre spectral sequence corresponding
to GF → GF (p) collapses at E2, giving an isomorphism inf : H
∗(GF (p)) → H
∗(GF )
[NSW08, Lemma 2.1.2]. Therefore in the previous discussion and in Theorems A–C we
may replace GF by GF (p). In particular, H
∗(GF (p)) is quadratic and decomposable.
In view of this remark, Theorem D follows from Remark 6.4 with Gi = GFi(p),
i = 1, 2.
We have the following variant of Theorem C for homomorphisms of the groups G
[3]
Fi
.
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Theorem 8.3. Let F1, F2 be fields as above and let π¯ : G
[3]
F1
→ G
[3]
F2
be a homomorphism.
The following conditions are equivalent:
(a) π¯ : G
[3]
F1
→ G
[3]
F2
is an isomorphism;
(b) π∗dec : H
∗(G
[3]
F2
)dec → H
∗(G
[3]
F1
)dec is an isomorphism;
(c) π¯∗1 : H
1(G
[3]
F2
) → H1(G
[3]
F1
) is bijective and π¯∗2,dec : H
2(G
[3]
F2
)dec → H
2(G
[3]
F1
)dec is
injective.
Proof. (a)⇒(b)⇒(c): Trivial.
(c)⇒(a): Since H2(GF2) is decomposable, so is the image of infG[3]F2
: H2(G
[2]
F2
) →
H2(G
[3]
F2
), by Proposition 5.6. By assumption, π¯∗2 is therefore injective on this image.
Now apply Proposition 5.7 with Gi = G
[3]
Fi
, i = 1, 2. 
By Remarks 7.2 and 8.2, the equivalent conditions of Theorem 7.1 are satisfied for
GF . We therefore get:
Theorem 8.4. Let 1 → R → S → GF (p) → 1 be a minimal presentation of GF (p)
using generators and relations, where S is a free pro-p group. Then Rq[R,S] = R∩S(3).
Moreover, by Theorem 6.6(c), GF (p) has the following minimality property with
respect to decomposability of H2. Here F (3) is the fixed field of G
(3)
F in Fsep.
Theorem 8.5. Suppose that K is a Galois extension of F containing F (3). Assume
that H2(Gal(K/F )) is decomposable. Then K ⊇ F (p).
This can be viewed as a cohomological characterization of the extension F (p)/F .
9. Groups which are not maximal pro-p Galois groups
We now apply Theorem A to give examples of pro-p groups which cannot be realized
as maximal pro-p Galois groups of fields (assumed as before to contain a root of unity
of order p). Our groups also cannot be realized as the absolute Galois group GF of any
field F . Indeed, assume this were the case. When char F = p, the maximal pro-p Galois
group of F is a free pro-p group [NSW08, Th. 6.1.4], whereas our groups are not free.
When char F 6= p, as GF is pro-p, necessarily µp ⊆ F , and we get again a contradiction.
The groups we construct are only a sample of the most simple and straightforward
examples illustrating our theorems, and many other more complicated examples can be
constructed along the same lines.
Throughout this section q = p. We have the following immediate consequence of the
analog of Theorem A for maximal pro-p Galois groups (Remark 8.2):
Proposition 9.1. If G1, G2 are pro-p groups such that G
[3,p]
1
∼= G
[3,p]
2 and H
∗(G1) 6∼=
H∗(G2), then at most one of them can be realized as the maximal pro-p Galois group of
a field.
Corollary 9.2. Let S be a free pro-p group and R a nontrivial closed normal subgroup
of S(3,p). Then G = S/R cannot occur as a maximal pro-p Galois group of a field.
Proof. Since R ≤ S(3,p) ≤ S(2,p), there is an induced isomorphism S[2,p] ∼= G[2,p].
Hence inf : H1(G) → H1(S) is an isomorphism. As H2(S) = 0 [NSW08, Cor. 3.9.5],
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trg : H1(R)G → H2(G) is also an isomorphism. Furthermore, H1(R) 6= 0, so a standard
orbit counting argument shows that H1(R)S 6= 0. Hence H2(G) 6= 0. Now S ∼= GF for
some field F of characteristic 0 [FJ05, Cor. 23.1.2], so we may apply Proposition 9.1
with G1 = S and G2 = G. 
Example 9.3. Let S be a free pro-p group on 2 generators, and take R = [S, [S, S]].
By Corollary 9.2, G = S/R is not realizable as GF (p) for a field F as above. Note that
G/[G,G] ∼= S/[S, S] ∼= Z2p and [G,G] = [S, S]/S
(3,0) ∼= Zp (Proposition 4.3), so G is
torsion-free.
Example 9.4. Let S be a free pro-p group on n ≥ 3 generators σ1, . . . , σn, and let
R be the closed normal subgroup of S generated by r = [. . . [[σ1, σ2], σ3], . . . , σn]. By
Corollary 9.2, G = S/R is not realizable as GF (p) for a field F as above. By Proposition
4.3, r 6∈ (S(n,0))pS(n+1,0). Therefore [Lab67, Th. 4] implies that G = S/R is torsion-free.
We further note that, by [Rom86], G contains a subgroup which is a free pro-p group
on two generators. In particular, G is not prosolvable.
Example 9.5. Let S be a free pro-p group on generators σ1, σ2. Let r1 = σ
p
1 and
r2 = σ
p
1 [σ1, [σ1, σ2]]. Let Ri be the normal subgroup of S generated by ri, and set
Gi = S/Ri, i = 1, 2. As r1r
−1
2 ∈ S
[3,p] we have G
[3,p]
1
∼= G
[3,p]
2 .
Since G1 has p-torsion, it has p-cohomological dimension cdp(G1) = ∞ [Ser02, I,
§3.3, Cor. 3]. On the other hand, cdp(G2) = 2; indeed, this is proved in [Lab67, p. 144,
Example (1)] for p ≥ 5, in [Lab67, p. 157, Exemple] for p = 3, and in [Gil68, Prop. 3]
for p = 2. By [Ser02, I, §3.3, Cor. 3] again, G2 is torsion-free. Furthermore, H
∗(G1) 6∼=
H∗(G2).
Now if p = 2, then G1 is the free pro-2 product (Z/2) ∗ Z2, which is an absolute
Galois group of a field, e.g., an algebraic extension of Q [Efr99]. By Proposition 9.1, G2
is not a maximal pro-p Galois group.
Finally, for p > 2, [BLMS07, Th. A.3] or [EM08, Prop. 12.3] imply that in this case
as well, G2 is not a maximal pro-p Galois group.
Proposition 9.6. Let G be a pro-p group such that dimFp H
1(G) < cd(G). When p = 2
assume also that G is torsion-free. Then G is not a maximal pro-p Galois group of a
field as above.
Proof. Assume that p 6= 2. Let d = dimFp H
1(G). Then also d = dimFp H
1(G[3,p]).
Since the cup product is graded-commutative, Hd+1(G[3,p])dec = 0. On the other hand,
Hd+1(G) 6= 0 [NSW08, Prop. 3.3.2]. Thus H∗(G[3,p])dec 6∼= H
∗(G). By Theorem A and
Remark 8.2, G is not a maximal pro-p Galois group.
When p = 2 this was shown in [AKM99, Th. 3.21], using Kneser’s theorem on the
u-invariant of quadratic forms, and a little later (independently) by R. Ware in a letter
to the third author. 
Example 9.7. Let K,L be finitely generated pro-p groups with 1 ≤ n = cd(K) < ∞,
cd(L) < ∞, and Hn(K) finite. Let π : L → Symm, x 7→ πx, be a homomorphism such
that π(L) is a transitive subgroup of Symm. Then L acts on K
m from the left by
x(y1, . . . , ym) = (ypix(1), . . . , ypix(m)). Let G = K
m⋊L. It is generated by the generators
of one copy of K and of L. Hence dimFp H
1(G) = dimFp H
1(K) + dimFp H
1(L).
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On the other hand, a routine inductive spectral sequence argument (see [NSW08,
Prop. 3.3.8]) shows that for every i ≥ 0 one has
(1) cd(Ki) = in;
(2) Hin(Ki) = Hn(K,H(i−1)n(Ki−1)), with the trivial K-action, is finite.
Moreover, cd(G) = cd(Km) + cd(L). For m sufficiently large we get dimFp H
1(G) <
mn+ cd(L) = cd(G), so by Proposition 9.6, G is not a maximal pro-p Galois group as
above. When K,L are torsion-free, so is G.
For instance, one can take K to be a free pro-p group 6= 1 on finitely many generators,
and let L = Zp act on the direct product of ps copies of K via Zp → Z/ps by cyclicly
permuting the coordinates.
9.8. Remarks. 1) In the last paragraph of the previous example, take L = K = Zp.
Then psL (∼= Zp) acts trivially on the direct product, so Kp
s
⋊psL ∼= Zp
s+1
p . This group
is realizable as an absolute Galois group, e.g., of C((Zp
s+1
(p) )) [EH94, Lemma 1.2(a)].
Thus a torsion-free profinite group which contains an absolute Galois group of a field
as an open subgroup need not be realizable as an absolute Galois group. This answers
a question of Eli Aljadeff.
2) Absolute Galois groups which are solvable (with respect to closed subgroups)
were analyzed in [Gey69], [Bec78], [Wu¨r85, Cor. 1], [Koe01]. In particular one can
give examples of such solvable groups which are not absolute Galois groups (compare
[Koe01, Example 4.9]). Our examples here are in general not solvable.
3) Another conjectural restriction on the structure of absolute Galois groups was
suggested by Bogomolov [Bog95]: namely, let F be a function field of a variety over an
algebraically closed field. Then the commutator subgroup C of the p-Sylow subgroup
of GF should be cohomologically free. It is known that for such F all elements in
H∗(C,Z/p) are unramified ([Bog07, §11], [CGR06, Th. 1.3]).
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